Abstract. We show that the rectification of skew Young tableaux is characterized as a recurrence formula of tropical matrices. This can be regarded as a Lax formulation of the ultradiscrete (tropical) KP equation. The proof is based on the results of Mikami, Katayama, and Kakei, who established the fundamental relation between jeu de taquin slides and the ultradiscrete KP equation. Further, we improve this correspondence by using Noumi and Yamada's method of geometric tableaux, so that we establish a new approach to the combinatorics of rectification. As an application, we obtain an alternative proof of the uniqueness of rectification.
Introduction
The tropicalization is a canonical procedure to translate objects of interest in the "usual world" to the "tropical world." Practically, this is the map expressed as Through the tropicalization, the structure of ring (+, ×, −1 ) is translated to the structure of semi-field (min, +, −). For example, polynomial functions are translated to piecewise linear functions.
In 2001, Berenstein and Krillov [1] showed that the Robinson-Schensted-Knuth (RSK) correspondence, which plays a fundamental role in the theory of combinatorics of Young tableaux, is expressed quite explicitly in terms of piecewise linear functions. After that, Kirillov [4] introduced the geometric RSK correspondence (originally, tropical RSK correspondence enough, their correspondence is (probably) independent of Noumi and Yamada's correspondence. We would say that Young tableaux are significant examples which admit (at least) two independent realizations by tropical integrable systems 2 . Based on this fact, we present a new approach to the combinatorics of Young tableaux. As an application, we give an alternative proof of the uniqueness of rectification.
Contents of the paper. This work is inspired by the recent works of Mikami [9] , Katayama, and Kakei [10] (see §2, Theorem 2.1). Their theorem states that the jeu de taquin slide (cf. §B) can be expressed by the ultradiscrete KP equation (2) 3 . Under a change of variables, the ultradiscrete KP equation (2) is transformed into the recursive form (8) , which is more suitable for our study. The proof of this fact is given in §3. (This section can be skipped if the reader is interested only in the combinatorics of Young tableaux.) What should be noted here is that the formal tropicalization of a true proposition is not always true. For example, "a + b = a + c implies b = c" does not mean "min[A, B] = min[A, C] implies B = C." In many specific cases, such kind of problems are solved by relatively easy prescription -for example, by simplifying expressions. However, it is not often easy to confirm that such kind of errors is contained in a long proof. In §3.2, we present an alternative approach to deal with such situations without significant efforts by means of mathematical logic. As an application, a proof of (8) is given in §3. 3 .
In §4, we present a simple diagrammatic algorithm to calculate the time evolution of (8) . This provides an intuitive explanation of the relation between (8) and the jeu de taquin. (See the example given in §4. 3.) In §5, we give a proof of the uniqueness of rectification [2, §1, Claim 2] as an application of our method. The key of the proof is the correspondence between two Young tableaux: one is a standard tableau that represents a sequence of jeu de taquin slides ( §5.1), the other is a certain Young tableau, which we will call an associated tableau ( §5.3), defined via Noumi and Yamada's geometric tableaux ( §5.2). By this correspondence, the uniqueness of rectification boils down to a relatively simple lemma of combinatorics (Lemma 5.5).
In the appendix, we give a short list of fundamental definitions in mathematical logic in §A. A brief introduction to combinatorics of Young tableaux is given in §B.
Notations. In this article, we follow the convention of Fulton [2] . Let λ = (λ 1 ≥ λ 2 ≥ · · · ≥ λ ℓ ) be a Young diagram. A semi-standard tableau of shape λ is obtained by filling the boxes in λ with a number according to the following rules: (i) in each row, the numbers are weakly increasing from left to right, (ii) in each column, the numbers are strongly increasing from top to bottom. A semi-standard tableau is often referred to as a tableau shortly. A tableau with n boxes is called standard if it contains distinct n numbers 1, 2, . . . , n. Let λ/µ be a skew diagram, where λ and µ are Young diagrams with µ ⊂ λ. A skew (semi-standard) tableau of shape λ/µ is obtained by filling the boxes with a number according to the same rules as for tableaux. If a skew tableau with n boxes contains distinct n numbers 1, . . . , n, it is said to be standard. See §B for other definitions.
Ultradiscrete (tropical) KP equation and jeu de taquin
In this section, we introduce the result of Katayama and Kakei [10] in 2015. The definition of the terms jeu de taquin slide, inside corner, outside corner, etc. can be found in §B.
Let us consider the discrete KP equation
According to the definition of tropicalization introduced in §1, the "tropicalization of (1)" should be the following piecewise linear equation:
The main theorem in [10] is as follows: where an empty box is considered as a box with 0. If S t+1 is given from S t by a jeu de taquin slide, which is carried out from arbitrary inside corner of S t , then
Example 2.2. Consider the sequence of jeu de taquin slides displayed below. The gray boxes denote the inside corners from which a jeu de taquin slide is carried out.
are expressed as It is easily verified that they satisfy (2).
.
Then the discrete KP equation (1) is equivalent to
Further, if we define
is transformed into the matrix form:
. Equation (5) is refereed to as the discrete (2 + 1)-dimensional Toda equation by convention. It is easily verified that (4) is equivalent to the subtraction-free form:
We now tropicalize (3) and (6) . Let Q and V t i,j , respectively. Then, from (3), we have
, and from (6), we have
On the analogy of "{(1) and (3)} ⇒ (6)," it is natural to expect that the implication "{(2) and (7)} ⇒ (8)" holds. Note, however, that it is not obvious at this stage. See §1. 
Tropical approach
As we have seen in §2, it is natural to expect that results in the "usual world" imply the same results in the "tropical world," while it is not generally true. In this section, we propose a formal method to deal with such problems without significant effort. We review the "naive" principle of tropicalization in §3.1 and introduce its formal counterpart in §3.2. As an application, we give a proof of {(2) and (7)} ⇒ (8) in §3. 3 .
This section can be skipped if the reader is interested only in the combinatorics of Young tableaux.
where min ∅ = +∞. Proposition 3.2 ("Naive" principle of tropicalization). Let f (x 1 , . . . , x n ) be a subtraction-free polynomial. By setting
ǫ , where ǫ ≥ 0 is a positive parameter, we have − lim
Example 3.3. Let a, b, c, d, e, f, g satisfy a = b + c, d = e + g, and f = bg. They imply, for example, ad + ce = ae + cd + f . Now we want to prove
Let A, B, . . . , F satisfy the assumption of the implication. Define b, c, e, g as 
3.2.
Tropical approach in terms of logic. We rephrase the tropicalization in terms of first-order logic. Definitions of basic terms and notions of mathematical logic are given in §A. For readers who are interested in mathematical logic, we recommend the standard textbooks [5, 8] .
Let
be a language, where f i is a function symbol, R i is a relation symbol, and c i is a constant symbol. Consider the two L-structures:
(M and M are domains of M and M respectively) and a homomorphism
We use the following lemma of mathematical logic, which we will prove in the appendix:
. . , a n ) implies M |= ψ(a 1 , . . . , a n ).
Proof. See §A.2.
exists (a 1 , . . . , a n ) ∈ M n such that a i = A i and M |= ϕ(a 1 , . . . , a n ). From (2), we have M |= ψ(a 1 , . . . , a n ). As a result, from (0) and Lemma 3.5, we have M |= ψ(A 1 , . . . , A n ).
Example 3.7. The "naive" principle of tropicalization (Proposition 3.2) is a special case of Proposition 3.6. Let L = {+, ·, −1 , 1}
5
. Here +, · are binary function symbols, −1 is a unary function symbol, and 1 is a constant symbol. Define the two
• M is the set of germs at ǫ = 0 of continuous positive functions f (ǫ) (ǫ > 0) which satisfy − lim ǫ↓0 ǫ log f (ǫ) ∈ R.
• + denotes the standard addition, · denotes that standard multiplication, and −1 denotes the multiplicative inverse. 1 = 1(ǫ) is the constant function. There exists a useful sufficient condition for (1) in Proposition 3.6. Assume (i) M → M is onto and (ii) ϕ(x 1 , . . . , x n ) is "a set of definitions of next variable," namely there exists some 1 ≤ α ≤ n such that ϕ(x 1 , . . . , x n ) is expressed as
where f i (x 1 , . . . , x i−1 ) is an L-term with free variables x 1 , . . . , x i−1 . Under these assumptions, one can find a desired element (a 1 , . . . , a n ) ∈ M n for any (A 1 , . . . , A n ) ∈ M n with M |= ϕ(A 1 , . . . , A n ). In fact, from (i), there exists an element (a 1 , . . . , a α ) ∈ M α satisfying a 1 = A 1 , . . . , a α = A α . Since (ii), we can take the remaining a i 's 4 See §A, Definition A.5. 5 One may add the constant symbol "0" to L, but it is not mandatory. Since all L-formulas in this manuscript do not contain 0, we simply omit it.
uniquely so that they satisfy ϕ(a 1 , . . . , a n ). From M |= ϕ(A 1 , . . . , A n ), we have
An L-formula ϕ(x 1 , . . . , x n ) is said to be recursive if it is of the form (9).
Remark 3.8. The condition (ii) can be significantly generalized as
where
In a similar way to the quantifier-free case, one can find the desired (a 1 , . . . , a n ) ∈ M n .
Example 3.9. Example 3.3 is given from Proposition 3.6 if we put
Example 3.10. Consider "for any a, b > 0, a 2 − 4b > 0 implies the existence of x > 0 such that x 2 − ax + b = 0." We rewrite this in terms of the language L as follows: a 2 − 4b > 0 is rewritten as ∃y(a 2 = 4b + y), and "the existence of x > 0 such that
. Then the sentence in the beginning is now rewritten as M |= ∀a∀b(ϕ(a, b) → ψ(a, b)). Since Proposition 3.6 is applicable to this sentence, we have
3.3. Proof of (8) by formal arguments. We now give a proof of (8) . Hereafter, we fix the language L, and the L-structures M and M as Example 3.7. Let ϕ(f * * , * , V * * , * )> f t i+1,j > f t i,j >(any other f * * , * ) 6 . From Proposition 3.6, its tropicalization is also true. Since (2), (7), and (8) are the tropicalization of (1), (3), and (6) respectively, "{(2) and (7)} implies (8)" holds.
Combinatorial interpretation of (8)
We give a combinatorial interpretation of (8) . This helps to understand the relation between (8) and jeu de taquin slides. 6 Here the "variables" are as follows:
4.1.
Correspondence between skew tableaux and matrices W . Let S be a skew tableau and let F i,j denote the number of 1, 2, . . . , j's in the 1 st , 2 nd , . . . , i th rows of S. Define
= ♯{1, 2, . . . , j's in the i th row} − ♯{1, 2, . . . , (j + 1)'s in the (i + 1) th row}.
By definition of skew tableaux, W i,j must be nonnegative. The sum p≥0 W i+p,j+p satisfies p≥0 W i+p,j+p = ♯{1, 2, . . . , j's in the i th row}.
A skew tableau S of shape λ/µ can be identified with the increasing sequence of tableaux:
where λ (j) is the sub-diagram of S in which one of 0, 1, 2, . . . , j is filled
does not contain no two boxes in the same column. Obviously, we have
Further, W i,j satisfies the following conditions:
There exists some N such that j > N ⇒ W i,j = W i,j+1 for all i. 
Let Ω be the set of skew tableaux and let
, with conditions (10), (11), (12)}.
Consider the mapping W : Ω → X which corresponds a skew tableau S with the matrix (W i,j ). i → ∆ i,j , we regard Ω as a subset of
We also regard X as a subset of
Then the restriction of the bijection
to Ω coincides with W . Because X contains the image of Ω, and Ω contains the inverse image of X, W is bijective.
4.2.
Jeu de taquin ϕ k . As said in the previous paragraph, we always identify Ω ↔ X. Here we construct a map ϕ k : X → X for any positive integer k, which is a tropical counterpart of the jeu de taquin starting from k th row. Let W = (W i,j ) ∈ X. The definition of ϕ k is given as follows: 
. Equation (13) can be seen as a kind of recurrence formula, the inputs of which are Q j and W j , and the outputs are Q j+1 and W + j . It is convenient to draw the diagram
where the inputs are on the northwest side and the outputs are on the southeast side. The procedure which is presented above can be simply displayed as (14)
The map ϕ k also admits a diagrammatic interpretation as follows:
• Write planarly a matrix W = (W i,j ) as Fig 1. • Draw a path on the matrix by the following rule: -The path starts from the (k, 0) th position. -When the path reaches at the (i, j) th position, it extends to the lower right neighbor if W i,j = 0, or to the right neighbor if W i,j = 0.
• Decrease all non-zero numbers on the path by one, and increase all the numbers at the upper neighbor of the decreased numbers by one. The matrix given by this procedure coincides with ϕ k (W ).
• The matrix Q = (Q i,j ) i,j is given by putting Q i,j = 1 if the path goes through the (i, j) th position, and Q i,j = 0 if not.
We can prove that ϕ k coincides with the jeu de taquin starting from the k th row. In fact, W = (W i,j ), (7)), the number of j's in the i th row decreases by Q 
. The path at time t = 2 corresponds with ϕ 1 .
Let B j be the position of the hole (see §B) at when all the numbers equal to or less than j have been moved. Note that B j is in the i th row if and only if Q i,j = 1. 
Application: the uniqueness of rectification
In this section, we give an alternative proof of the uniqueness of rectification [2, §1- §3]. The key idea is to correspond the standard tableau that represents a sequence of jeu de taquin slides ( §5.1) with another tableau ("associated tableau" in §5.
3) via Noumi-Yamada's geometric tableau ( §5.2).
5.1. Rectification. Any skew tableau of shape λ/µ is led to a (non-skew) tableau thorough a sequence of jeu de taquin slides. Repeating jeu de taquin slides is nothing but choosing inside corners repeatedly. By putting numbers in chosen inside corners in decreasing order, one obtains a standard tableau of shape µ. For example, if we apply a sequence of jeu de taquin slides to the tableau
It is not a coincidence that the two tableaux at the rightmost are same. Indeed, it is known that any choice of standard tableau leads the same tableau [2, §1, Claim 2].
Definition 5.1. We call the tableau obtained by jeu de taquin slides from a skew tableau S the rectification of S.
With diagrammatic expressions as in §4.2, the rectification can be displayed as
corresponds with the jeu de taquin slide starting at i The vec-
2 , . . . at the bottom row correspond with the rectified tableau. 5.2. Noumi-Yamada's geometric tableau. In [6] , Noumi and Yamada introduced a characterization of row bumping in terms of tropical mathematics, which is described as follows. For real vectors I = (I 1 , I 2 , . . . ) and V = (V 1 , V 2 , . . . ), we define the matrices E(I), F (V ) of infinite size as
Moreover, for a vector I ′ = (1, . . . , 1, I k , I k+1 , . . . ), whose first (k − 1) entries are 1, define
Let us consider the equation
When all entries of I 1 , I 2 , . . . , I ℓ are positive, the correspondence Theorem 5.2 (Geometric tableau [6] ). Equation (16) possesses the following properties:
(i) Every J i,j is expressed as a subtraction-free rational function of {I i,j }. This implies that the tropicalization of {I i,j } → {J i,j } exists. (ii) Let Q i,j = I i,j and P i,j = J i,j be the tropical variables. The tropical map {Q i,j } → {P i,j } has the following combinatorial interpretation: Let Q j = (Q 1,j , Q 2,j , . . . ) be the vector whose α th j entry is 1 and the others are 0. Then P i,j equals to the number of j's in the i th row of the tableau
We call the expression of the form "E 1 (J 1 )E 2 (J 2 ) . . . E ℓ (J ℓ )" Noumi-Yamada's geometric tableau.
Associated tableaux.
We now proceed for the discrete Toda equation (5), which is equivalent to 
. . .
corresponds with the equation
Let us transform the upper triangle matrices on the both sides into geometric tableaux form:
Here, each column in (17) is "gotten into one bundle." 
From Proposition 5.3, the one-to-one correspondence (J i , V ) ↔ (J ′ i , V ′ ) admits the tropicalization. In fact, if we put P i = J i and W i = V , we obtain the one-to-one tropical map (P i , W ) ↔ (P ′ i , W ′ ) by the principle of tropicalization (Proposition 3.6). As a result, we have the diagram
Now we apply Theorem 5.2 (ii) so that we identify the data (P 1 , . . . , P k ) with a Young tableau, which we will call the associated tableau. For example, let us consider the tableau at the beginning of §5.1: From the standard tableau, one can read the order of inside corners from which a jeu de taquin slide starts; 2 nd , 1 st , 1 st , 1 st rows. Its associated tableau is
When the jeu de taquin slides are applied, the outside corners in the 3 rd , 1 st , 2 nd , 3 with use of associated tableaux. The tableau on the rightmost corresponds with the equation
Note that the associated tableau does not change if one replaces the standard tableau with 1 2 4 3 or 1 3 4 2 .
This is the essential reason why the rectification is unique.
5.4.
Proof of the uniqueness of rectification. Based on the arguments we have made above, the uniqueness of rectification is now almost obvious. Proof. Let ℓ = |µ|. Assume that the number i is contained in the t th ℓ−i row of a standard tableau X for i = 1, 2, . . . , ℓ. The associated tableau U of X is expressed as U = t 1 ← t 2 ← · · · ← t ℓ . The sequence t 1 , t 2 , . . . , t ℓ possesses the following properties: (i) The number of i's is µ i . (ii) For any 1 ≤ i ≤ ℓ, the subsequence
. We define the relation ≺ on the set [ℓ] = {1, 2, . . . , ℓ} by i ≺ j ⇐⇒ (i < j) and (t i = t j ) and (t i exists in the 1 st row when t j is inserted).
Obviously, the pair ([ℓ], ≺) is a poset. Let i be a minimal element of ([ℓ], ≺) that satisfy t i > 1. Let m := t i . One can verify that, for any j with i ≺ j, the number t j must be bumped out from the 1 st row eventually because L i contains sufficiently large number of (m − 1)'s (see (ii) ). This implies the fact that the 1 st row of U consists of 1's. By induction on k ≥ 1, it is soon verified that the k th row of U consists of k's. In fact, this follows from the fact that the sub-tableau of U that consists of the k th row and below is obtained by row-bumping the subsequence of t 1 , . . . , t ℓ obtained by removing all 1, 2, . . . , (k − 1)'s.
In §5.3, we have seen that the rectification depends on the choice of the associated tableau (see (19)) of standard tableaux on µ. However, this is in fact unique from Lemma 5.5. This concludes the uniqueness of rectification.
Remark 5.6. An equivalent notion to associated tableaux has been known in the context of combinatorics. In Fulton's textbook [2, §5.3] , the associated tableau is used to calculate the Littlewood-Richardson number c ν λ,µ . Therein, for a reverse lattice word w, P (w) denotes the standard tableau on µ and U (w) denotes the associated tableau of P (w).
• h(c M ) = c N .
Definition A.4. An L-term is a sequence of constant symbols, function symbols, and variables x 1 , x 2 , . . . defined recursively as follows:
• All constant symbols and variables are L-terms.
• If t 1 , . . . , t n are L-terms and f is a n f -ary function symbol, then f (t 1 , . . . , t n ) is an L-term.
Definition A.5. An L-formula is a sequence of =, ¬, ∧, ∃, and L-terms defined recursively as follows:
(i) If t 1 and t 2 are L-terms, then t 1 = t 2 is an L-formula.
(ii) If t 1 , . . . , t n are L-terms and R is an n-ary relation symbol, then R(t 1 , . . . , t n ) is an L-formula. (iii) If Ψ 1 and Ψ 2 are L-formulas, then Ψ 1 ∧ Ψ 2 is an L-formula. (iv) If Ψ is an L-formula and x is a variable, ∃xΨ is an L-formula.
We call an L-formula obtained only by (i-iv) an negation-free formula.
The following abbreviations are often used:
• ∀xΨ denotes ¬∃x¬Ψ.
